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Abstract We present in this article a two-timescale variant of Q-learning with linear function approximation. Both Q-values and policies are assumed to be parameterized with the
policy parameter updated on a faster timescale as compared to the Q-value parameter. This
timescale separation is seen to result in significantly improved numerical performance of
the proposed algorithm over Q-learning. We show that the proposed algorithm converges
almost surely to a closed connected internally chain transitive invariant set of an associated
differential inclusion.
Keywords Q-learning with linear function approximation · Reinforcement learning ·
Stochastic approximation · Ordinary differential equation · Differential inclusion ·
Multi-stage stochastic shortest path problem

1 Introduction
Markov decision process (MDP) (Bertsekas (2005, 2007); Puterman (1994)) is a general
framework for studying problems of control under uncertainty. Classical approaches for
solution of MDP such as policy iteration and value iteration aim at numerically solving the
associated Bellman equation and work only when the system dynamics via the transition
probabilities is known precisely. Such information is often not available in real-life systems.
Moreover, computationally solving MDPs using traditional approaches when the state and
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action spaces are large is a challenging task. Reinforcement learning (RL) (Bertsekas and
Tsitsiklis 1996; Sutton and Barto 1998) provides efficient alternatives to policy and value
iteration methods. Many RL algorithms do not require any knowledge of the transition probabilities and work precisely with real or simulated data. Further, many of these algorithms
incorporate parameterized classes of policies and value functions in order to improve the
computational efficiency in the case of large scale systems. Value function approximation
has been studied extensively using linear architectures because prediction algorithms such
as temporal difference (TD) learning (Sutton 1988) have been shown convergent when linear architectures are used (Tsitsiklis and Van Roy 1997; Tsitsikis and Van Roy 1999). On
the other hand, TD with nonlinear function approximation has been seen to diverge in some
cases.
Q-learning (Watkins and Dayan 1992) is an RL algorithm that has been found to be efficient in various settings for the problem of control. This algorithm is based on Q-value
iteration (a variant of value iteration) that updates values of feasible state-action tuples (also
called Q-values) at each stage. Whereas Q-learning with full state representation is shown
to be convergent (Abounadi et al. 2001; Borkar and Meyn 2000; Tsitsiklis 1994), this is
not in general the case when function approximation (even linear) is used (see, however,
Melo and Ribeiro 2007). It has been reported that Q-learning with function approximation
can exhibit heavy oscillations and in some cases can even diverge (Baird 1995). This problem arises from “off-policy learning”, i.e., learning the value function of one policy (the
target policy) using data obtained from another (the behaviour policy). Under off-policy settings, TD with function approximation is known to suffer from this problem. When actions
are picked according to a given policy, the Q-learning iterate resembles an on-policy TD
update rule and is convergent. However, in the general case (of Q-learning), because of
the explicit minimization in the update rule, the policy according to which the minimizing
actions are chosen can be seen to change at each iterate resulting in the off-policy problem.
More recently, however, in Sutton et al. (2009), Sutton et al. (2009), certain variants of the
TD algorithm have been developed for the problem of prediction, that are shown convergent with off-policy learning when linear function approximators are used. In Maei et al.
(2009), similar algorithms with smooth function approximators that could be nonlinear as
well, have been proposed and shown convergent. Further, Maei et al. (2010) presents a convergent algorithm with linear function approximation for off-policy control that is derived
from TD learning. Also, a variant of Q-learning where the function approximator satisfies
certain interpolation properties is presented in Szepesvari and Smart (2004) and is shown
convergent.
In this paper, we present a variant of the Q-learning algorithm with linear function
approximation that is based on two-timescale stochastic approximation (Borkar 1997). The
Q-value parameters for a given policy in our algorithm are updated on the slower timescale
while the policy parameters themselves are updated on the faster scale. We perform a gradient search in the space of policy parameters. Since the objective function and hence the
gradient are not analytically known, we employ the efficient one-simulation simultaneous
perturbation stochastic approximation (SPSA) gradient estimates that employ Hadamard
matrix based deterministic perturbations, see Bhatnagar et al. (2003). SPSA, orginally presented in Spall (1992), is an efficient gradient estimation technique that normally uses two
simulations and incorporates random perturbations. It estimates the gradient of the objective
at any parameter value by perturbing the parameter along each component direction using
finite-valued, i.i.d., symmetric, zero-mean, random variates such as those having a symmetric Bernoulli distribution of ±1 w.p.1/2. A one-simulation (random perturbation) variant of
SPSA was presented in Spall (1997) that however does not exhibit good performance in
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general. In Bhatnagar et al. (2003), certain deterministic perturbation variants of both one
and two simulation SPSA were developed. In particular, the one-simulation variant with
the perturbation vectors derived from a normalized Hadamard matrix construction was seen
to show significant performance improvements over one-simulation random perturbation
SPSA (Spall 1997). We therefore employ, in our algorithm, the deterministic perturbation,
one-simulation, SPSA estimates based on normalized Hadamard matrices. For the case of
full-state representations, a similar algorithm derived from Q-learning has been presented
in (Bhatnagar and Babu 2008).
While our algorithm incorporates two timescales, it has a slightly different flavour
from actor-critic (AC) algorithms, see for instance, (Konda and Borkar 1999; Konda and
Tsitsiklis 2003; Bhatnagar and Kumar 2004; Abdulla and Bhatnagar 2007), that also incorporate two timescales. AC algorithms are in general based on the policy iteration (PI)
technique, whereby the faster-scale recursion (the critic) is responsible for evaluating a
given policy update (the policy evaluation step of PI) while the slower-scale recursion (the
actor) updates the policy to find an improved policy (the policy improvement step). On the
other hand, our starting point is the Q-learning algorithm that is based on the Q-value iteration procedure. Note that the minimization operation in this procedure is actually within
the conditional expectation term in the corresponding Q-Bellman equation. Our scheme
aims to solve the minimization problem on the faster timescale, and use the converged values of the faster iterates in the slower recursion. Thus, the timescales get reversed when
one moves from AC algorithms to our scheme. Unlike AC algorithms, the faster scale now
updates the policy paramater while the slower one updates the parameter of the Q-values.
Even though AC type algorithms have been studied in the past, this particular combination has not been tried previously, see, however, the discussion on pp.317, Chapter 6, of
(Bertsekas and Tsitsiklis 1996).
While our algorithm continuously updates both the value function and the policy, this is
also the case with other schemes, for instance, with the algorithm in (Azar et al. 2011). The
latter algorithm, however, incorporates a dynamic off-line policy programming technique
and uses a combination of a numerical fixed point procedure together with Monte-Carlo
simulation to estimate the conditional expectation of the cost-to-go in order to solve an
‘approximate’ Bellman equation. We do not require such a procedure as we resort to
stochastic approximation. Moreover, our algorithm is an online scheme that works directly
with real or simulated data.
We show that our algorithm converges to a closed connected internally chain transitive
invariant set of an associated differential inclusion. As an application setting, we consider
the problem of multi-stage stochastic shortest path routing (Walrand 1988) and consider
various networks with multiple numbers of stages and nodes. A significant body of work
in the literature on multi-stage queueing networks is dedicated towards obtaining results on
the structure of the optimal policies (Ephremides et al. 1980; Weber 1978) such as Jointhe-Shortest Queue (JSQ), Shortest-Remaining-Processing-Time (SRPT) etc., under certain
conditions on the network and traffic settings. It is often assumed in these references that
information on transition probabilities of the system is precisely known. We however consider a scenario where such information is not available in general. Moreover, it may be
difficult to prescribe a general form for the optimal policies. We show performance comparisons of our algorithm with regular Q-learning as well as an actor-critic scheme and observe
that our algorithm performs much better than both the other algorithms.
Finally, we would like to mention that in Prashanth et al. (2014), the average cost variant
of our algorithm has recently been presented and the numerical performance of both average
and discounted cost algorithms is studied on a problem of intrusion detection in wireless
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sensor networks where the goal is to obtain optimal sleep-wake schedules for individual
sensors in a network of battery operated sensor nodes while monitoring potential intruder
movement. As with the experiments in our paper, it is observed in Prashanth et al. (2014)
that two-timescale Q-learning outperforms Q-learning and other competing algorithms in
the literature by requiring much less number of sensors to be awake at any given time while
giving similar tracking accuracy.
The rest of the paper is organized as follows: The framework and our algorithm are
presented in Section 2. The proof of convergence of our algorithm is presented in Section 3.
The application setting and numerical results are given in Section 4. The concluding remarks
are presented in Section 5. Finally, proofs of some of the more preliminary results have been
given in an Appendix at the end of the paper.

2 The framework and algorithm
2.1 The framework
A stochastic process {Xn } is referred to as a Markov decision process (MDP) if it is governed
by a control sequence {Zn } and satisfies the controlled Markov property (below). We let S
denote the state space i.e., the set in which {Xn } takes values and A(i) the set of feasible


actions in state i. Further, let A = ∪i∈S A(i) be the set of all actions or the action space. We
assume that both S and A are finite sets. The controlled Markov property satisfied by {Xn }
is the following:
P (Xn+1 = j | Xm , Zm , m ≤ n) = p(Xn , Zn , j ) a.s.,
where p : S × A × S → [0, 1] is a given function for which
A(i), i ∈ S.




j ∈S

p(i, a, j ) = 1, ∀a ∈

We define an admissible policy as a sequence ψ = {μ0 , μ1 , . . .} of functions μn : S →
A, with μn (i) ∈ A(i) ∀i ∈ S, n ≥ 0. At any instant n, the action chosen in state k ∈ S
when following policy ψ is μn (k). The policies that we consider are inherently Markovian
since the resulting process under any admissible policy is Markov. Let  denote the set
of all admissible policies. When μn ≡ μ, ∀n ≥ 0, i.e., the functions μn do not change
with n, we call ψ or many times (by an abuse of notation) μ itself a stationary deterministic policy (SDP). Let P (A) (resp. P (A(i)), i ∈ S) denote the set of all probability
vectors on A (resp. A(i)). By a randomized policy (RP) χ , we mean a sequence χ = {π1 ,
π2 , . . .} where each πn : S → P (A), n ≥ 0, and such that for each i ∈ S, n ≥ 0,
πn (i) ∈ P (A(i)). Thus for each i ∈ S, πn (i) is a distribution on A(i), n ≥ 1. A stationary randomized policy (SRP) is a RP χ for which πn (i) = π(i), ∀n ≥ 1, i ∈ S, i.e., the
distribution on A(i) is stage-invariant. By an abuse of notation, we refer to π itself as the
SRP. The ath component of π(i), a ∈ A(i), denoted π(i, a) is the probability of choosing action a when in state i. Thus under an SRP π, the action Zn ∈ A(Xn ) at instant n
is picked according to the distribution π(Xn ), independent of all other states and actions
realized till n.
In what follows, we shall formulate the problem in the infinite-horizon discounted cost
setting. Let g(Xn , Zn ) denote the real-valued single-stage cost when state is Xn and action
chosen is Zn . Further, let γ ∈ (0, 1) denote the discount factor (a given constant). Note that
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supn |g(Xn , Zn )| < ∞ almost surely since S and A are finite sets. Under a given admissible
policy ψ = {μ0 , μ1 , μ2 , · · · }, define the infinite horizon discounted cost as
 T


k
Jψ (i) = lim E
γ g(Xk , μk (Xk ))|X0 = i , i ∈ S.
T →∞

k=0

The aim is to find an admissible policy ψ ∗ ∈  that minimizes Jψ (i) over all ψ ∈ 
and i ∈ S. Let J ∗ (i), i ∈ S denote the optimal cost or the value function. Thus,


J ∗ (i) = Jψ ∗ (i) = min Jψ̄ (i), i ∈ S.
ψ̄∈

One can show that an optimal policy that is an SDP (and so trivially also an SRP) exists for
this problem and that J ∗ satisfies the Bellman equation
⎞
⎛

(2.1)
p(i, a, j )J ∗ (j )⎠ .
J ∗ (i) = min ⎝g(i, a) + γ
a∈A(i)

j ∈S

2.2 Q-learning with function approximation (QL-FA)
Under a given admissible policy ψ, let the Q-value function be defined as follows: ∀i ∈ S,
a ∈ A(i),
∞


k
γ g(Xk , μk (Xk )) | X0 = i, Z0 = a .
(2.2)
Qψ (i, a) = E
k=0

The process in this case starts from state i when action a is chosen. At the subsequent
instants, i.e., k = 1, 2, 3, . . ., actions are selected according to the admissible policy ψ. Let
the optimal Q-values be defined according to
Q∗ (i, a) = min Qψ (i, a), i ∈ S, a ∈ A(i).
ψ∈

It can be shown that the following Q-Bellman equation gets satisfied:

Q∗ (i, a) = g(i, a) + γ
p(i, a, j ) min Q∗ (j, v).
v∈A(j )

j ∈S

(2.3)

The Q-learning algorithm with full state representation aims to solve (2.3) using
stochastic approximation and proceeds in the following manner: ∀i ∈ S, a ∈ A(i),
Qn+1 (i, a) = Qn (i, a) + c(n) g(i, a) + γ

min

v∈A(Yni,a )

Qn (Yni,a , v) − Qn (i, a) .

(2.4)

Here, Yni,a is a simulated next state when the current state is i and action a ∈ A(i) is chosen.
The random variables Yni,a , n ≥ 0 are assumed to be independent and have the distribution
p(i, a, ·), i ∈ S, a ∈ A(i). Further, c(n), n ≥ 0 are step-sizes that satisfy c(n) > 0 ∀n ≥ 0
and


c(n) = ∞,
c(n)2 < ∞.
(2.5)
n

n

One typically resorts to function approximation for the Q-values when the cardinality of
the state-action space is so large that even storing a vector of the size of the state-action space
is difficult. For i ∈ S, a ∈ A(i), let Q∗ (i, a) ≈ θ ∗ T φi,a , where θ ∗ = (θ ∗ (1), . . . , θ ∗ (d))T
is a d-dimensional parameter (for some d ≥ 1) and φi,a = (φi,a (1), . . . , φi,a (d))T is the
associated feature vector.
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T , i ∈ S, a ∈ A(i). Assuming that the total number
Let denote a matrix with rows φi,a
of states is n and the number of feasible actions in any state i (i.e., the cardinality of A(i))
n

is mi ≥ 1, the number of rows of the matrix is q =
mj . The number of columns of
j =1

this matrix is d. One can also represent
column vector

= ( (k), k = 1, . . . , d), where

as

(k) is the

(k) = (φi,a (k), i ∈ S, a ∈ A(i))T , k = 1, . . . , d.
Now Q∗ = (Q∗ (i, a), i ∈ S, a ∈ A(i))T can be approximated as
Q∗ ≈

d


(i)θ ∗ (i), or alternatively, Q∗ ≈

θ ∗.

i=1

The estimates Qn (i, a), n

≥

0, of Q∗ (i, a), i


∈

S, a

∈

A(i) will be

approximated as Qn (i, a) ≈
where θn = (θn (1), . . . , θn
denotes the
nth estimate of θ ∗ . This estimate is obtained from the algorithm below. The Qlearning algorithm with function approximation that we refer to as QL-FA updates
θn according to
θnT φi,a ,

θn+1 = θn + c(n)φXn ,Zn g(Xn , Zn ) + γ

min

v∈A(Xn+1 )

(d))T

θnT φXn+1 ,v − θnT φXn ,Zn ,

(2.6)

where θ0 is set arbitrarily and the step-sizes c(n), n ≥ 0 satisfy (2.5). It is important to
note that (2.6) is an on-line algorithm as it works with a single trajectory of (feasible) stateaction tuples (Xn , Zn ), n ≥ 0 and updates the parameter θ as new states are observed and
actions chosen. Further, ∇θn Qn (Xn , Zn ) ≈ ∇θn θnT φXn ,Zn = φXn ,Zn . As discussed briefly
in the earlier section, the algorithm (2.6) is known to suffer from the off-policy problem
(Baird 1995; Sutton and Barto 1998) and may not converge in some cases.

2.3 Two-timescale Q-learning with function approximation (QW-FA)
We present here a new algorithm based on Q-learning with function approximation. Let
πw = (πw (i), i ∈ S)T represent a class of SRP that are parameterized by w, where each
πw (i) is the distribution πw (i) = (πw (i, a), a ∈ A(i))T over the set of feasible actions


A(i) in state i. We let w = (w1 , . . . , wN )T ∈ C ⊂ RN (for some N ≥ 1). We also let
θ ∈ Rd take values in the set D ⊂ Rd . In what follows, we restrict our attention to SRP
parameterized by w.
We make the following assumptions.
Assumption 1 The Markov process {Xn } under any SRP πw is aperiodic and irreducible.
Assumption 2 The probabilities πw (i, a), i ∈ S, a ∈ A(i) are continuously differentiable
in the parameter w ∈ C. Further, πw (i, a) > 0 ∀i ∈ S, a ∈ A(i), w ∈ C.
A well-studied example of parameterized policies that satisfy Assumption 2 are the
parameterized Boltzmann policies described by
exp(w T φi,a )
.
T
b∈A(i) exp(w φi,b )

πw (i, a) = 

We also use these policies for our experiments.
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Assumption 3 The basis functions { (k), k = 1, . . . , d} are linearly independent. Further,
d ≤ |S|.
Assumption 4 The sets C and D are (both) compact and convex subsets of RN and Rd ,
respectively. In particular, C has the form
C = {x | qi (x) ≤ 0, i = 1, . . . , x},
where qi (·), i = 1, . . . , s are continuously differentiable. Further, at each x ∈ ∂C (the
boundary of C), the gradients of the active constraints are linearly independent.
Since S is a finite set, it follows from Assumption 1 that {Xn } is also positive recurrent under the SRP πw . Assumption 1 holds for the multi-stage routing example that we
study in Section 4. Assumption 2 is a standard requirement in policy gradient approaches,
see for instance (Bhatnagar et al. 2009). Similarly, Assumption 3 is routinely used as
well, see Tsitsiklis and Van Roy (1997), Bertsekas and Tsitsiklis (1996). The requirement
(Assumption 4) that both w and θ take values in suitable compact sets ensures stability
of both the w and the θ updates (below). Thus, using the recursions in our algorithm,
supn  wn , supn  θn < ∞ with probability one. When C is an N -dimensional rectangle
N
i=1 [ci,min , ci,max ], with ci,min < ci,max , ∀i, it can be written in the form as in Assumption 4
with qi (x) being linear functions of the form qi (x) = ci xi + di , which are continuously
differentiable. The form of the set C in Assumption 4 allows us to use a key result from
Kushner and Clark (1978) on convergence of projected stochastic iterates to associated
ODEs for the analysis of the faster (w) recursion (see Theorem 2). On the other hand, the
slower recursion will be seen to track an associated differential inclusion, for which we will
use a key result from (Borkar 2008). The latter result does not require the set D to have a
form similar to C.
Our algorithm uses two step-size sequences {a(n)} and {b(n)} that satisfy the following
requirements:
Assumption 5 For all n ≥ 0, a(n), b(n) > 0, and



a(n) =
b(n) = ∞,
(a(n)2 + b(n)2 ) < ∞, b(n) = o(a(n)),
n

n

(2.7)

n

respectively. Further, for any integer M > 0,
lim max

n→∞ 1≤l≤M

a(n + l)
b(n + l)
= lim max
= 1.
n→∞ 1≤l≤M b(n)
a(n)

While the first two requirements in (2.7) on a(n), b(n), n ≥ 0, are similar to (2.5),
the last condition there implies that b(n) tends to zero at a rate faster than a(n). Thus,
recursions governed by a(n) (resp. b(n)) operate on a ‘faster’ (resp. ‘slower’) timescale. The
requirements in Assumption 5 are seen to be satisfied by many step-size sequences such as
a(n) = 1/nα , α ∈ (0.5, 1.0) and b(n) = 1/n, n ≥ 1, with a(0) = b(0) = 1.
We require gradient estimates of the approximate Q-value function (with respect to the
parameter w) for which we use a one-simulation simultaneous perturbation gradient approximation procedure based on a Hadamard matrix construction as in (Bhatnagar et al. 2003).
We briefly describe these estimates here. Let n = ( n (1), . . . , n (N ))T , n ≥ 0 be certain column vectors of perturbation variables obtained from a normalized Hadamard matrix
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(see below). These vectors will be used to perturb the parameter updates wn . In particular,
an estimate D(n) of ∇f (wn ) for a given function f is given by (see Bhatnagar et al. 2003):
D(n) =

f (wn + δ
δ

n)

(

n)

−1

,



−1
T
for a given (small) δ > 0, where ( n )−1 = ( −1
n (1), . . . , n (N )) . It will be shown
in the convergence analysis in Section 3 (see Theorem 2) that D(n) serves as a close
approximation to ∇f (wn ).

2.3.1 Hadamard matrix based deterministic perturbations
Let H2k , k ≥ 1 be matrices of order 2k × 2k that are recursively obtained as:
H2 =

1 1
1 −1

and H2k =

H2k−1 H2k−1
H2k−1 −H2k−1

, k > 1.

Such matrices are called normalized Hadamard matrices. All elements in the first row and
column of these matrices are 1. Let P = 2log2 (N+1) . It is easy to see that P ≥ N + 1.
Consider now the matrix HP (with P chosen as above). Let h(1), . . . , h(N ) be any N
columns of HP other than the first column. Form a new matrix HP of order P × N that
has h(1), . . . , h(N ) as its columns. Let e(p), p = 1, . . . , P be the P rows of HP . Now set
T = e(n mod P + 1), ∀n ≥ 0. In other words, the perturbations are generated by cycling
n
through the rows of HP with T0 = e(1), T1 = e(2), . . . , TP −1 = e(P ), TP = e(1) etc.
Some results related to the perturbation sequence obtained from a Hadamard matrix based
construction are given in Bhatnagar et al. (2003) and are described in Section 3 for the sake
of completeness.
Next, we present our two-timescale Q-learning algorithm with function approximation
that we refer to as QW-FA. The letter ‘W’ in QW-FA signifies the additional weight
parameter ‘w’ used in our algorithm.

2.3.2 The algorithm QW-FA
Let θn and wn denote the nth updates of the parameters θ and w, respectively. Let π(wn +δ


n)

= (π(wn +δ n ) (i, a), i ∈ S, a ∈
where δ > 0 is a given small constant, be
the randomized policy followed during the nth update of the algorithm. Note that this
(randomized) policy is governed by the parameter (wn + δ n ). Here n , n ≥ 0 are perturbations obtained from the Hadamard matrix construction described in Section 2.3.1. Let
1 : Rd → D denote the projection operator that projects any z ∈ Rd to the set D. Similarly, let 2 : RN → C denote the projection operator that projects any x ∈ RN to the set
C. We let both projections be with respect to suitable Euclidean norms in the two spaces.
We denote both norms (by abuse of notation) as  · . Thus, for any z ∈ Rd (x ∈ RN ),
1 (z) = arg minr∈D  r − z  (2 (x) = arg miny∈C  y − x ).
The algorithm is as follows: For all n ≥ 0,



θn+1 = 1 θn + b(n)φXn ,Zn g(Xn , Zn ) + γ θnT φXn+1 ,Zn+1 − θnT φXn ,Zn ,
(2.8)
A(i))T ,

wn+1 = 2 wn − a(n)

θnT φXn ,Zn
δ

(

n)

−1

.

(2.9)
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Remark 1 1. Note that unlike Q-learning where only the Q-values are parameterized, our
algorithm parameterizes both Q-values and policies (in fact, SRPs). In (2.8)–(2.9), both
the actions Zn and Zn+1 are sampled from the same policy π(wn +δ n ) . We show in our
analysis that given θ , the wn update in (2.9) converges to the set of local minima of
the stationary average Q-value function denoted R(θ, w), see (3.2) and the subsequent
discussion. Thus, the ‘minimization over actions’ in Q-learning that is performed over
instantaneous Q-value updates is replaced by a ‘minimization over policy parameters’
in our algorithm, that is in effect performed with the stationary average Q-value function
as the objective. Thus, as is seen in our experiments, whereas Q-learning suffers from
the problem of high variance/instabilities, the iterates of our algorithm stabilize rapidly
because of the timescale difference and show significantly low variance in comparison.
2. It has been shown, see for instance (Baird 1995), that Q-learning with function approximation can diverge. A natural question to ask is whether convergence of Q-learning
can be guaranteed if its iterates are projected to a compact set (the way we do in our
algorithm). Indeed a divergent sequence of iterates when projected to a compact set
will settle on the projection set boundary. It is not clear, however, whether a similar
differential inclusions (DI) based analysis as ours can be worked through in the case
of Q-learning. The most important step in that direction would be to obtain an analogous result as Proposition 2, which it is not clear would carry through for projected
Q-learning. In the absence of such a result, even if one were to identify a suitable DI
with an appropriate limit set, the stochastic iterates may still not converge to that set. In
other words, Theorem 3 will not hold unless Proposition 2 does. Thus, if the projection
region is large enough so that the limit set of DI is strictly contained in the interior of
the projection region, the iterates may not converge to the limit set. This would indeed
be true of situations where Q-learning diverges (Baird 1995), and as mentioned above,
the projected Q-learning iterates would settle on the projection set boundary and not in
the aforementioned limit set of DI. On the other hand, we show that our algorithm converges to the limiting set of the associated DI. We only use projection in our algorithm
to ensure stability of iterates (a key requirement in the analysis of stochastic recursive
schemes) and not to ‘force’ convergence to some undesirable point (in order to avoid
divergence), and which projection based Q-learning might end up doing. Nonetheless,
it would be an interesting future direction to prove the stability of our algorithm’s iterates without resorting to projection, that would considerably strengthen the theoretical
analysis of our algorithm.

3 Convergence analysis
We begin with an overview of how the proof proceeds.

3.1 An overview of the proof
The algorithm QW-FA incorporates two-timescale stochastic approximation, hence, the
faster timescale update essentially sees the slower recursion as quasi-static while the slower
update sees the faster one as equilibrated. We show in the analysis (cf. Theorem 2) that
corresponding to any given value of the slower parameter (θ ) update, the faster (i.e., policy) parameters (wn ) converge to a set of fixed points w(θ). For convergence of the faster
timescale recursion, we rely on a key result from Kushner and Clark (1978) (cf. Theorem
5.3.1) for projected stochastic approximations.
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We then proceed to analyze the slower recursion and observe that this is a stochastic
recursive inclusion because of the set-valued nature of w(θ). We show that this recursion
tracks a differential inclusion in the asymptotic limit and in particular converges almost
surely to a closed connected internally chain transitive invariant set associated to this inclusion. In the process, we also show that the associated set-valued map satisfies certain nice
properties required to prove convergence of stochastic recursive inclusions. We make use
of the fact that because of the projection, both the slow and the fast iterates are stable. A
detailed convergence analysis of stochastic recursive inclusions is given in (Benaim et al.
2005), see also Chapter 5 of (Borkar 2008), and applications of the same have been given
in (Benaim et al. 2006). A convergence analysis of projected stochastic recursive inclusions
for various settings is also available in Chapter 5 of (Borkar 2008). Our analysis of the
slower recursion (that also incorporates projection in its update rule) is based on the latter
reference.
The main result is in Theorem 3 that gives the convergence of the slower recursion
and is derived from a sequence of other smaller related results. Specifically, we follow the
sequence of steps (below) in order to prove Theorem 3.
(i)

(ii)

(iii)

(iv)

(vi)

(vii)

We begin with some preliminary results. Proposition 1–Lemma 1 show that the
state-action Markov chain {(Xn , Zn )} is ergodic and its stationary distribution fw is
continuously differentiable in the policy parameter w. Next, in Lemma 2, we show
that the partial derivatives of the stationary average Q-value R(θ, w) exist and are
continuous. In fact, Theorem 2 shows that the partial derivative of R(θ, w) w.r.t. w
for a given θ is tracked by the faster (w) recursion.
Next, we analyze the convergence of the faster (w) recursion. Towards this end,
Lemma 3–Corollary 1 characterize the martingale difference component of the noise
sequence and show that the aggregate sequence is a convergent martingale. Then
Lemmas 4–6 are used in the proof of Theorem 2 to establish that the w-update
direction as given by the one-simulation SPSA based faster recursion (2.9) indeed
corresponds to a ‘nearly steepest descent’ gradient direction.
The main result pertaining to convergence of the faster (w) recursion is Theorem 2
that establishes that for any given θ and  > 0, there exists δ0 > 0 such that for
all δ ≤ δ0 , the parameter sequence {wn } converges to a set w(θ) of stable fixed
points. The proof is based on an application of a convergence result from Kushner
and Clark (1978) (cf. Theorem 5.3.1) that we also describe here as Theorem 1.
Next, we analyze the convergence of the slower (θ ) recursion. We first observe that
because the faster recursion converges to a set w(θ) of fixed points, the slower
recursion in fact resembles a projected stochastic recursive inclusion. The projection
operation ensures that the recursion remains stable. Our analysis here largely follows
along the lines of Chapter 5 of (Borkar 2008). In fact, Chapter 5.4 of Borkar (2008)
deals with the case of projected recursive inclusions. The idea here is to show that the
stochastic recursive inclusion essentially tracks a closed connected internally chain
transitive invariant set associated with a corresponding differential inclusion (DI). A
detailed analysis of stochastic recursive inclusions by characterizing the associated
limit points of DI is given in (Benaim et al. 2005).
We identify a suitable DI for the slower (θ ) recursion and show in Proposition 2 that
the DI satisfies certain nice regularity properties under which it is guaranteed to have
at least one solution that is absolutely continuous (Aubin and Cellina 1984).
Under the aforementioned regularity properties of the DI given by Proposition 2, we
finally show in Theorem 3 that the slower recursion converges asymptotically almost
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surely to a closed connected internally chain transitive invariant set of the associated
DI. This result follows from an application of Lemma 1 (pp.53), Theorem 2 (pp.53–
54), Lemma 3 (pp.54–55) and Corollary 4 (pp.55), Chapter 5 of (Borkar 2008).
We provide the proofs of some of the preliminary results in an Appendix at the end of the
paper.

3.2 The proof of convergence
For a given SRP πw , define p̌(i, j, πw ), i, j ∈ S as

πw (i, a)p(i, a, j ).
p̌(i, j, πw ) =
a∈A(i)

Under the SRP πw , {Xn , n ≥ 0} is a Markov process with transition probabili

ties p̌(i, j, πw ), i, j ∈ S. Let d πw = (d πw (i), i ∈ S) be the stationary distribution of this process. Consider now the joint process {(Xn , Zn ), n ≥ 0}, i.e., that
obtained from the state-action tuples at each instant. This process takes values in the set


S × A(S) = {(i, a) | i ∈ S, a ∈ A(i)}. It is easy to see that {(Xn , Zn )} with Zn , n ≥ 0
obtained from πw is also a Markov process with transition probabilities


pw (i, a; j, b) = P (Xn+1 = j, Zn+1 = b | Xn = i, Zn = a) = p(i, a, j )πw (j, b), (3.1)
i, j ∈ S, a ∈ A(i), b ∈ A(j ), respectively. 
Recall from earlier discussion that q = ni=1 mi is the cardinality of S × A(S). Let Pw
denote the q × q transition probability matrix of the joint Markov process (Xn , Zn ), n ≥ 0
when the policy parameter w is fixed.
Proposition 1 Under Assumptions 1 and 2, the process (Xn , Zn ), n ≥ 0 with Zn , n ≥ 0
obtained from the SRP πw , for any given w ∈ C, is an ergodic Markov process.
Proof See Appendix for a proof.
As a consequence of Proposition 1, {(Xn , Zn )} has a unique stationary distribution
fw (i, a), i ∈ S, a ∈ A(i). We will denote by w the row vector of stationary probabilities
w = (fw (i, a), i ∈ S, a ∈ A(i)). Note that

fw (i, a)pw (i, a; j, b), j ∈ S, b ∈ A(j ).
fw (j, b) =
i∈S,a∈A(i)

It is easy to verify that fw (i, a) = d πw (i)πw (i, a), i ∈ S, a ∈ A(i).
Lemma 1 Under Assumptions 1 and 2, fw (i, a), i ∈ S, a ∈ A(i) are continuously
differentiable in the parameter w ∈ C.
Proof See Appendix for a proof.
Let



R(θ, w) =



fw (i, a)θ T φi,a ,

i∈S,a∈A(i)

denote the stationary average Q-value under the parameters θ and w, respectively.

(3.2)
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Lemma 2 The partial derivatives of R(θ, w) with respect to any θ ∈ D and w ∈ C exist
and are continuous.
Proof See Appendix for a proof.
Let u(·) (resp. v(·)) denote a vector field on D (resp. C). Define now the vector fields
ˆ 1 (u(·)) and ˆ 2 (v(·)) on D and C, respectively, as follows:
1 (θ + ηu(θ )) − θ
ˆ 1 (u(θ )) = lim
η↓0
η
ˆ 2 (v(w)) = lim
α↓0

and

2 (w + αv(w)) − w
,
α

respectively. Since D and C are compact and convex sets, ˆ 1 and ˆ 2 are both well
defined. In particular, if θ ∈ D o (resp. w ∈ C o ), ˆ 1 (u(θ )) = u(θ ) (resp. ˆ 2 (v(w)) =
v(w)). Here D o (resp. C o ) denotes the interior of D (resp. C). On the other hand,
if θ ∈ ∂D (resp. w ∈ ∂C) is such that θ + ηu(θ )  ∈ D (resp. w +
αv(w) ∈ C) for small η (resp. α), then ˆ 1 (u(θ )) (resp. ˆ 2 (v(w))) is the projection
of u(θ ) (resp. v(w)) onto D (resp. C). Here ∂D (resp. ∂C) denotes the boundary of
D (resp. C).
The following ODE is associated with (2.9):
ẇ(t) = ˆ 2 (−∇w R(θ (t), w(t))) .

(3.3)

Assuming for now that θ(t) ≡ θ (a constant independent of t), (3.3) can be rewritten as
ẇ(t) = ˆ 2 (−∇w R(θ, w(t))) .

(3.4)

The (faster) recursion (2.9) will be seen to track (3.4). It will also be seen that along the
faster timescale, one may indeed let θ(t) ≡ θ .
Let w(θ) denote the set of stationary points of the ODE (3.4). Given  > 0, let w(θ)
denote the -neighborhood of w(θ), i.e.,
w(θ) = {w ∈ C | w − w0 < , w0 ∈ w(θ)}.
Now let Fn , n ≥ 0 denote a sequence of σ -fields defined according to

Fn = σ (Xj , Zj , j < n; θj , wj , j ≤ n), n ≥ 1.
Let {Kni , n ≥ 0}, i = 1, . . . , N be defined as K0i = 0 and for n ≥ 1,
Kni =

n−1


a(j )

θjT φXj ,Zj − E[θjT φXj ,Zj | Fj ]
δ

j =0
i
Let Mn+1
=

θnT φXn ,Zn −E[θnT φXn ,Zn |Fn ]
.
δ in

Then Kni =

i
j

n−1

j =0

.

a(j )Mji +1 , i = 1, . . . , N.

Lemma 3 For all i = 1, . . . , N , (Kni , Fn ), n ≥ 0 are almost surely convergent martingale
sequences.
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Proof We show the proof for a given i ∈ {1, . . . , N } as the same proof holds for all other
values of i as well. Note that Kni is measurable with respect to Fn , ∀n ≥ 0. Also, the random
variables Kni are integrable as well. Further,
⎡
⎤
n
Tφ
Tφ



−
E[θ
|
F
]
θ
X
,Z
X
,Z
j
j
j
j
j
j
j
i
| Fn ⎦
| Fn = E ⎣
a(j )
E Kn+1
i
δ
j
j =0
= Kni +




a(n)   T
E θn φXn ,Zn | Fn − E θnT φXn ,Zn | Fn
i
δ n
= Kni a.s.

Now note that since {θn } take values in D, a compact set, we have supn  θn < ∞ w.p. 1.
Further, because the state-action spaces are finite, supi,a φi,a < ∞ as well. Also, ( ij )2 = 1

∀j ≥ 0 and n a(n)2 < ∞. Thus, it follows that supn E[(Kni )2 ] < ∞. The claim follows
from the martingale convergence theorem.
Let K̂ni =

n−1

j =0

a(j )M̂ji +1 , i = 1, . . . , N , where M̂ji +1 is the same as Mji +1 , ∀j, ∀i, with

the difference that θj ≡ θ, ∀j . Let F̂n be the same as Fn except with θn ≡ θ ∀n in the
definition.
Corollary 1 For all i = 1, . . . , N , (K̂ni , F̂n ), n ≥ 0 is an almost surely convergent
martingale.
Proof Follows from Lemma 3 by setting θn ≡ θ, ∀n.
Recall that P = 2log2 (N+1) denotes the number of rows of the associated Hadamard
matrix (cf. Section 2.3.1).
Lemma 4 The vectors
1.

n,

n ≥ 0 satisfy the following properties:

For any s ≥ 0 and all k ∈ {1, . . . , N },

s+P

n=s+1

2.

1
k
n

For any s ≥ 0 and all i, j ∈ {1, . . . , N }, i = j ,

= 0.
s+P

n=s+1

i
n
j
n

= 0.

Proof The claim is obvious from the construction, see Lemma 3.5 of (Bhatnagar et al.
2003).
Lemma 5 The iterates wn , n ≥ 0 governed according to (2.9) satisfy
 wn+k − wn → 0 as n → ∞,
almost surely for all k ∈ {1, . . . , P }.
Proof Follows from an application of Lemma 2.2 of Bhatnagar et al. (2003) using the facts
that supn  θn < ∞ almost surely and sup(i,a) |φi,a | < ∞.
We now have the following lemma whose proof we provide in Appendix as it has not
been stated for the case of Hadamard matrix perturbations in (Bhatnagar et al. 2003).
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Lemma 6 The following results hold for any k, l ∈ {1, . . . , N }, k  = l: With probability
one,


m+P
−1
n=m



a(n) kn
∇w,k R(θ, wn )  → 0 as m → ∞,
a(m) ln

m+P
−1
n=m

a(n) 1
R(θ, wn )  → 0 as m → ∞,
a(m) ln

(3.5)

(3.6)

respectively.
Proof See Appendix for a proof.
Before we proceed further, we describe an important result from Kushner and Clark
(1978) (Theorem 5.3.1 on pp. 191-196 of Kushner and Clark (1978)) for general projected
stochastic approximations. While the result, as given in Kushner and Clark (1978), is more
generally applicable, we present its adaptation here that is relevant to the setting that we
consider.
Let  : RL → E ⊂ RL denote a projection operator mapping any r ∈ RL to the set E.
Consider the following L-dimensional stochastic recursion
rn+1 =  (rn + c(n)(h(rn ) + ξn + γn )) ,

(3.7)

under the assumptions (A1)–(A5) listed below. Also, consider the following ODE associated
with (3.7):
¯
ṙ(t) = (h(r(t))),
(3.8)
where for any vector field y(·) on E,
¯
(y(r))
= lim

β→0

(r + βy(r)) − r
β

.

Let S denote the set of all stationary points of the ODE (3.8). Let t (n), n ≥ 0 be
a sequence of positive real numbers defined according to t (0) = 0 and for n ≥ 1,
n−1

t (n) =
c(j ). Let m(t) = max{n | t (n) ≤ t}. Let the following assumptions hold:
j =0

(A1) The function h : RL → RL is continuous.
(A2) The step-sizes c(n), n ≥ 0 satisfy

c(n) > 0∀n,
c(n) = ∞, c(n) → 0 as n → ∞.
n

(A3)
(A4)

(A5)

The sequence γn , n ≥ 0 is a bounded random sequence with γn → 0 almost surely
as n → ∞.
There exists T > 0 such that ∀ > 0,


⎛
⎞
m(j 

 T +t)−1

c(i)ξi  ≥  ⎠ = 0.
lim P ⎝sup max 
n→∞
j ≥n t≤T  i=m(j T )

The set E ⊂ RL is compact. Also, E = {x | gi (x) ≤ 0, i = 1, . . . , s1 }. The
functions gi (·), i = 1, . . . , s1 are continuously differentiable. Further, at each x ∈
∂E, the gradients of the active constraints of gi (x) are linearly independent.

As a consequence of (A2), t (n) → ∞ as n → ∞. Hence, m(t) → ∞ as t → ∞.
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Theorem 1 [Kushner and Clark (1978), Theorem 5.3.1 (pp. 191–196)] Let h(·) = −fr (·),
where f (·) is a continuously differentiable function. Then under (A1)–(A5), {rn } governed
by (3.7) satisfy rn → S as n → ∞ with probability one.
The set S above is the set of Kuhn-Tucker points of the constrained optimization problem.
Now note that one may rewrite (2.8) as


(3.9)
θn+1 = 1 θn + a(n)X̂(n) ,
where X̂(n) =

b(n)
a(n) X̌(n)

and with X̌(n) = φXn ,Zn (g(Xn , Zn ) + γ θnT φXn+1 ,Zn+1 −

Since supn  θn < ∞ a.s., and S × A(S) is a finite set, supn  X̌(n) < ∞
with probability one. Now since b(n)/a(n) → 0 as n → ∞ (cf. Assumption 5), it follows
that X̂(n) → 0 as n → ∞ almost surely. Thus (3.9) is seen to track the ODE
θnT φXn ,Zn ).

θ̇(t) = 0.
Hence, when analyzing the faster recursion {wn }, one may let θn ≡ θ (a constant).
Theorem 2 Let θn ≡ θ, ∀n, for some θ ∈ D ⊂ Rd . Then, given  > 0, there exists δ0 > 0
such that for all δ ∈ (0, δ0 ], {wn } governed by (2.9) satisfy wn → w(θ) as n → ∞ with
probability one.
Proof The proof will be shown by verifying the requirements of Theorem 1. In our
case, rn in Theorem 1 corresponds to wn that is N -dimensional, i.e., L = N . Further,
c(n) = a(n), n ≥ 0 here. From Lemma 2, for any θ ∈ D (fixed), ∇w R(θ, w) exists and is
continuous in w. Thus, by a Taylor’s expansion of R(θ, wn +δ n ) around the point (θ, wn ),
one obtains
R(θ, wn + δ

n)

= R(θ, wn ) + δ

N


j
n ∇w,j R(θ, wn ) + o(δ).

j =1

Hence,
R(θ, wn + δ
δ in

n)

=

N

R(θ, wn )
+∇
R(θ,
w
)+
w,i
n
δ in

j =1,j  =i

j
n
∇ R(θ, wn )+O(δ).
i w,j
n

(3.10)

Let wni , i = 1, . . . , N be the N components of wn , i.e., wn = (wn1 , . . . , wnN )T . Recall


that 2 (x) is the closest point in C to any x ∈ RN . In particular, for x = (x1 , . . . , xN )T ∈
RN , we denote 2 (x) = (2,1 (x1 ), . . . , 2,N (xN ))T ∈ C, where 2,i (xi ) is the ith component of 2 (x). We use this identification of 2 (x) as a vector of 2,i (xi ), i = 1, . . . , N , only
for a technical reason (below). Note that (2.9) can be rewritten as follows: For i = 1, . . . , N ,
 T

θ φXn ,Zn
i
i
wn+1
= 2,i wni − a(n)E
|
F
n − a(n)M̂n+1
δ in


θ T E φXn ,Zn | Fn
i
i
= 2,i wn − a(n)
− a(n)M̂n+1
δ in
= 2,i wni − a(n)

R(θ, wn + δ
δ in

n)

i
− a(n)M̂n+1
− a(n)ξ2i (n) ,

(3.11)
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θ T E [φXn ,Zn |Fn ]−R(θ,wn +δ n )
where ξ2i (n) =
. Note that ξ2i (n), n ≥ 0 is a bounded ranδ in
dom sequence. From the results in Theorem 7 – Corollary 8 of (Borkar 2008, Chapter 6,
pp.74), it follows that one may let wn + δ n , a constant while analyzing the convergence
of ξ2i (n) (since this convergence is along the ‘natural’ timescale). Now as a consequence of
Proposition 1, ξ2i (n) → 0 almost surely as n → ∞.
One can now rewrite (3.11) as
i
wn+1
= wni − a(n)

R(θ, wn + δ
δ in

n)

i
− a(n)M̂n+1
− a(n)ξ2i (n) + a(n)Zi (n),

(3.12)

where Zi (n) is the error because of the projection, see Chapter 5.1, page 89 of Kushner and
Yin (1997) for a general description of such error terms.
From (3.10), one can rewrite (3.12) as
i
= wni − a(n)
wn+1

N

R(θ, wn )
−
a(n)∇
R(θ,
w
)
−
a(n)
w,i
n
δ in

j
n
∇ R(θ, wn )
i w,j
n

j =1,j  =i

i
−a(n)M̂n+1
− a(n)ξ2i (n) − a(n)O(δ) + a(n)Zi (n).

Now,
i
wn+P
= wni − a(n)

n+P
−1
k=n

−a(n)

n+P
−1

N


k=n j =1,j  =i

a(k)
a(n)
−

n+P
−1
a(k) R(θ, wk )
−
a(k)∇w,i R(θ, wk )
a(n) δ ik
k=n

j
n+P
−1
k
i
∇
R(θ,
w
)
−
a(k)M̂k+1
w,j
n
i
k
k=n

n+P
−1

a(k)O(δ) +

k=n

n+P
−1

−

n+P
−1

a(k)ξ2i (k)

k=n

a(k)Zi (k).

k=n

Thus, one obtains
i
= wni − a(n)χ1i (n) −
wn+P

n+P
−1

a(k)∇w,i R(θ, wk ) − a(n)χ2i (n)

k=n

−

n+P
−1

i
a(k)M̂k+1
− a(n)χ3i (n) −

k=n

n+P
−1

a(k)O(δ) +

k=n

n+P
−1

a(k)Zi (k),

k=n

where from Lemma 6, it follows that as n → ∞, with probability one,


χ1i (n) =

n+P
−1
k=n



χ2i (n) =

n+P
−1

a(k) 1
R(θ, wk ) → 0,
a(n) δik

N


k=n j =1,j  =i

j

a(k) k
∇w,k R(θ, wk ) → 0,
a(n) ik

respectively. Further, it is easy to see that as n → ∞,


χ3i (n) =

n+P
−1
k=n

a(k) i
ξ (k) → 0 a.s.,
a(n) 2
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since ξ2i (n) → 0 as n → ∞ almost surely. Now


χ i (n) = χ1i (n) + χ2i (n) + χ3i (n) = o(1) a.s.,

(3.13)

by the foregoing. Thus, the recursion (2.9) is analogous to the following: For i = 1, . . . , N ,


i
i
= 2,i wni − a(n)∇w,i R(θ, wn ) − a(n)M̂n+1
− a(n)χ i (n) − a(n)O(δ) .
wn+1
In vector form, (2.9) is thus analogous to


wn+1 = 2 wn − a(n)∇w R(θ, wn ) − a(n)M̂n+1 − a(n)χ (n) − a(n)O(δ)e ,

(3.14)

i , i = 1, . . . , N )T , χ (n) = (χ i (n), i = 1, . . . , N )T and e =
where M̂n+1 = (M̂n+1
T
(1, 1, . . . , 1) is the N -dimensional unit vector.
As a consequence of Corollary 1, (A4) holds with ξn replaced with M̂n+1 , n ≥ 0. It is
easy to see from Lemma 1 that R(θ, w) is a continuous function over D × C and hence
is uniformly bounded (since D × C is a compact set). Further, sup(i,a) |φi,a | < ∞. Now
from Lemma 2 and the fact that C is compact, we have that supw∈C  ∇w R(θ, w) < ∞
for any θ ∈ D. By individually considering the terms χ1i (n), χ2i (n), χ3i (n), n ≥ 0, it is easy
to see that supn  χ (n) < ∞ almost surely. Since χ (n) → 0 as n → ∞ almost surely
(see (3.13)), (A3) holds with γn ≡ χ (n). Also, (A5) holds for the set C (E ≡ C here) as a
consequence of Assumption 4. Further, (A2) holds from Assumption 5. Finally, (A1) holds
as a consequence of Lemma 2 with h(rn ) replaced by −∇w R(θ, wn ) and f (rn ) replaced by
R(θ, wn ), respectively.
The ODE associated with (3.14) is

ẇ(t) = ˆ 2 (−∇w R(θ, w(t)) − O(δ)e) .

(3.15)

Let ŵ(θ) denote the set of asymptotically stable fixed points of (3.15). By Theorem 1,
(3.14) will almost surely converge to ŵ(θ). The claim now follows from the fact that the
trajectories of the ODE (3.15) converge to those of (3.4) as δ → 0 uniformly over compacts for the same initial condition in both (cf. Bhatnagar and Borkar (1997)[Theorem 3.2],
(Bhatnagar et al. 2009)[Theorem 1]).
Remark 2 Recall that w(θ) is the set of stationary points of the ODE (3.4) that correspond to all Kuhn-Tucker points and not just stable equilibria. Under certain ‘richness’
conditions on the noise, it can be shown that the stochastic approximation recursion can
asymptotically avoid the unstable invariant sets, see for instance, Borkar (2008)[Chapter
4.3], Brandiere (1998), Pemantle (1990), and converge almost surely to the set of stable
equilibria of the ODE. In practice, however, due to the inherent randomness of the scheme,
stochastic approximation recursions are seen to converge to the set of stable attractors (a
subset of w(θ)) even without any additional noise conditions. This set will be the set of
local or global minima of R(θ, w) for given θ .
Note also that Theorem 2 only gives the existence of a δ0 > 0 for given  > 0 such that
∀ δ ≤ δ0 , convergence to w(θ) is assured. From the above, this would imply convergence
to a neighborhood of the local or global minima of R(θ, w) (for given θ). A small δ has the
same effect as that of a large step-size and which results in a large variance during the initial
runs. On the other hand, however, it helps speed up convergence. We empirically study in
our experiments, the variation in performance with δ (see Table 4), and observe that the
performance is sensitive to the choice of δ. In particular, δ = 0.005 seems to give the best
results over the settings we considered. Moreover, performance seems to deteriorate as δ is
either diminished or increased beyond this value.
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Define Tw : R|S×A(S)| → R|S×A(S)| as the operator

pw (i, a; j, b)J (j, b).
Tw (J )(i, a) = g(i, a) + γ

(3.16)

j ∈S,b∈A(j )

Let G denote the column vector G = (g(i, a), i ∈ S, a ∈ A(i))T . Further, let J =
(J (i, a), i ∈ S, a ∈ A(i))T and Tw (J ) = (Tw (J )(i, a), i ∈ S, a ∈ A(i))T . In vector-matrix
notation, (3.16) is analogous to
Tw (J ) = G + γ Pw J.
Let Fw denote the diagonal matrix whose elements along the diagonal are fw (i, a), i ∈ S,
a ∈ A(i). As a consequence of Proposition 1, the matrix Fw is positive definite.
We shall now analyze the slower recursion (2.8). Define Y (n + 1), n ≥ 0 according to


Y (n + 1) = g(Xn , Zn ) + γ θnT φXn+1 ,Zn+1 − θnT φXn ,Zn φXn ,Zn
−E





g(Xn , Zn ) + γ θnT φXn+1 ,Zn+1 − θnT φXn ,Zn φXn ,Zn | G (n) ,

where G (n) = σ (θr , wr , Xr , Zr , r ≤ n), n ≥ 0 is a sequence of associated sigma fields. Let
Ž(n) =

n−1


b(m)Y (m + 1), n ≥ 1.

m=0

It is easy to see that (Ž(n), G (n)), n ≥ 0 is a martingale sequence. Now

E[(Ž(n + 1) − Ž(n))2 | G (n)]
n

=
−E







b(n) E
g(Xn , Zn ) + γ θnT φXn+1 ,Zn+1 − θnT φXn ,Zn φXn ,Zn
2

n


2

g(Xn , Zn ) + γ θnT φXn+1 ,Zn+1 − θnT φXn ,Zn φXn ,Zn | G (n)
| G (n)
< ∞ w.p. 1,

because (a) sup(i,a)∈S×A(S)  φi,a  and sup(i,a)∈S×A(S) |g(i, a)| are both finite since S ×
A(S) is a finite set and g(i, a) are real valued; (b) supn  θn < ∞ almost surely and (c)

b(n)2 < ∞ from Assumption 5. Hence, by the martingale convergence theorem, {Ž(n)}
n

converges almost surely.
As a consequence of Theorem 2, one may consider the following recursion (that is a
stochastic recursive inclusion) in place of (2.8):
θn+1 = 1 (θn + b(n)(yn + Y (n + 1) + κ(n + 1))),
where
yn =



⎛
fwn (i, a) ⎝g(i, a) + γ θn T

(i,a)

κ(n + 1) = E



(3.17)
⎞

pwn (i, a; j, b)φj,b − θn T φi,a ⎠ φi,a ,

(j,b)





g(Xn , Zn ) + γ θnT φXn+1 ,Zn+1 − θnT φXn ,Zn φXn ,Zn | G (n) − yn ,

respectively, with wn ∈ w(θn ) , ∀n. Note again that from the results in Theorem 7 – Corollary 8 on pp. 74 and Theorem 9 on pp. 75, Chapter 6 of Borkar (2008), one may ignore the
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κ(n + 1) term as it converges almost surely to zero along the natural timescale. We thus
consider the recursion
θn+1 = 1 (θn + b(n)(yn + Y (n + 1))).

(3.18)

Now proceeding as in Chapter 5.4 of (Borkar 2008), one can rewrite (3.18) as follows:
1 (θn + b(n)(yn + Y (n + 1))) − θn
b(n)
= θn + b(n) (γ1 (θn ; yn + Y (n + 1)) + o(b(n))) ,

θn+1 = θn + b(n)

where
γ1 (θ; y) = lim
η↓0

(3.19)

1 (θ + ηy) − θ
η


is the directional derivative of 1 at θ in the direction y. Let zn = E[γ1 (θn ; yn + Y (n + 1)) |


G (n)] and Y̌ (n+1) = γ1 (θn ; yn +Y (n+1))−zn , respectively. Thus, (3.19) can be rewritten
as
(3.20)
θn+1 = θn + b(n)(zn + Y̌ (n + 1) + o(b(n))).
Let h(θ ) denote the set-valued map


h(θ) =

⎧
⎨
⎩



fw (i, a)(g(i, a) + γ θ

(i,a)∈S×A(S)

T



pw (i, a; j, b)φj,b −θ φi,a )φi,a | w ∈

(j,b)∈S×A(S)

T

w(θ)

⎫
⎬
⎭

,

where w(θ) denotes the closure of the set w(θ) . In vector-matrix notation, h(θ ) can be
written as
h(θ ) = { T Fw (Tw ( θ ) − θ) | w ∈ w(θ) }.
Note that h(θ ) is a compact set since fw (i, a) and pw (i, a; j, b) are both continuous functions of w (cf. Assumption 2 and Lemma 1) and w(θ) is a compact set for any θ (since
w(θ) is a bounded set). Note also that yn in (3.18) lies in the set h(θn ) for each n.
Now recall that


Y (n + 1) = g(Xn , Zn ) + γ θnT φXn+1 ,Zn+1 − θnT φXn ,Zn φXn ,Zn



−E g(Xn , Zn ) + γ θnT φXn+1 ,Zn+1 − θnT φXn ,Zn φXn ,Zn | G (n) .
It is easy to see that
⎧
⎫
⎛
⎞
⎨
⎬

Y (n + 1) ∈ γ θnT ⎝φXn+1 ,Zn+1 −
pw (Xn , Zn ; j, b)φj,b ⎠ φXn ,Zn | w ∈ w(θn ) .
⎩
⎭
(j,b)

Again since {pw (i, a; j, b) | w ∈ w(θ) } is a compact set for every θ , and Xn , Zn take
values from given finitely-valued sets, for each n, it follows that the conditional distribution
of Y (n + 1) given G (n) has a compact support (say) A(θn ).
Let
⎛
⎞
%
 $
co
¯ ⎝
{γ1 (β; y + Y ) | y ∈ h(β), Y ∈ A(β)}⎠ ,
ˆ θ (h(θ )) =
>0

β−θ <

where co(·)
¯
denotes the closed and convex hull of ‘·’. Then zn in (3.20) satisfies zn ∈
ˆ θn (h(θn )) almost surely. We now have the following result:
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Proposition 2 We have
(i)
(ii)

ˆ θ (h(θ )) is a convex and compact set for any θ ∈ D.
For all θ ∈ D,
sup  β < K(1+  θ )
β∈ˆ θ (h(θ))

(iii)

for some K > 0.
ˆ θ (h(θ )) is upper-semicontinuous, i.e., if θn → θ and βn → β with βn ∈ ˆ θn (h(θn ))
∀n, then β ∈ ˆ θ (h(θ )).

Proof We start by showing (i). It is easy to see from its definition that ˆ θ (h(θ )) is a convex
and closed set for any θ . Further, it is easy to see that ˆ θ (h(θ )) is bounded as well, implying
that the same is a compact set.
For showing (ii), note that since ˆ θ (h(θ )) is compact for each θ , we have


R = sup

sup

θ ∈D β∈ˆ θ (h(θ))

 β < ∞,

since D is a compact set. Thus, in particular, the claim holds with K = R.
 &
Now consider (iii). Let g(β) = {γ1 (β; y + Y ) | y ∈ h(β), Y ∈ A(β)}. Then
$
co({g(β)
¯
| β − θ < }).
ˆ θ (h(θ )) =
>0


Let H (θ, ) = co({g(β)
¯
| β − θ < }). Then H (θ, ) is a family of diminishing sets, i.e.,
H (θ, 2 ) ⊂ H (θ, 1 ) if 2 < 1 and H (θ, ) ↓ ˆ θ (h(θ )) as  ↓ 0. Now let βn ∈ ˆ θn (h(θn ))
for some n large. Then βn ∈ H (θn , 3 ) = co({g(η)
¯
| η − θn < 3 }) for some  > 0. Now

for large n,  θ − θn < 3 . Further,
 η − θ ≤ η − θn  +  θn − θ <

2
.
3

2
Thus, it is easy to see that H (θn , 3 ) ⊂ H (θ, 2
3 ) for n large. Now since βn ∈ H (θ, 3 ) for
2
all n > N0 for some N0 > 0 and βn → β, it follows that β ∈ H (θ, 2
3 ), because H (θ, 3 )
2
is a closed set. Finally, since  > 0 is arbitrary and H (θ, 3 ) ↓ ˆ θ (h(θ )) as  ↓ 0, it follows
that β ∈ ˆ θ (h(θ )). The claim follows.

Before proceeding further, we recall a few definitions (see Benaim et al. 2005, Borkar
2008). Consider the following DI:
ẋ(t) ∈ g(x(t)),

(3.21)

where g(·) satisfies (i)–(iii) of Proposition 2 (in place of ˆ θ (h(θ ))).
Definition 1 1. A set B is invariant for the DI (3.21) if for x ∈ B, there is a trajectory
x(t), t ∈ (−∞, ∞) with x(0) = x, that lies entirely in B.
2. A set B is said to be internally chain transitive for the DI (3.21) if it is compact and for
any x, y ∈ B and every , T > 0, there exists an integer n ≥ 1, solutions x1 , . . . , xn to
the DI (3.21), and real numbers t1 , . . . , tn (all) greater than T such that
(a) xi (s) ∈ B for all 0 ≤ s ≤ ti , and all i = 1, . . . , n,
(b)  xi (ti ) − xi+1 (0) ≤  for all i = 1, . . . , n − 1,
(c)  x1 (0) − x ≤  and  xn (tn ) − y ≤ .
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The reader is referred to Benaim et al. (2005) for various notions of invariant sets. It is
also shown in Lemma 3.5 of Benaim et al. (2005) that an internally chain transitive set of a
differential inclusion is invariant.
Let t (n), n ≥ 0 be a sequence of nonnegative real numbers defined according to
n−1

b(m), n ≥ 1. Consider now the following differential inclusion
t (0) = 0 and t (n) =
m=0

(DI) associated with (2.8):
θ̇(t) ∈ ˆ θ (h(θ (t))).

(3.22)

Define θ̄(·) according to θ̄(t (n)) = θn , n ≥ 0, with linear interpolation on each interval
'
[t (n), t (n + 1)]. Let G = t≥0 {θ̄(t + s) : s ≥ 0}. Under Proposition 2, the DI (3.22) is
guaranteed to have at least one solution that is absolutely continuous, see Aubin and Cellina
(1984) for details.
Theorem 3 The iterates θn , n ≥ 0 of the QW-FA algorithm converge to G almost surely.
Further, the set G is a closed connected internally chain transitive invariant set of (3.22).
Proof Note again that as a consequence of the projection 1 , supn  θn < ∞ almost
surely. Now as a consequence of Proposition 2, the results in Chapter 5 of Borkar (2008)
(specifically Lemma 1-Theorem 2, pp. 53; Lemma 3, pp. 54; and Corollary 4, pp. 55) apply.
The claim follows from Corollary 4, pp.55 of Borkar (2008)[Chapter 5].
Remark 3 Theorem 3 shows that the sequence θn , n ≥ 0 of iterates converges to the set
G of limit points of these and that G is also a closed connected internally chain transitive
invariant set of the associated DI (3.22). Again note that the set G depends on the samples
θn (of these iterates) and in general may contain limit cycles of (3.22).
Also note that if instead of (3.22), the iterates θn , n ≥ 0 were to track a well-posed ODE,
the result in Theorem 3 would be considerably stronger because notions of invariance and
internal chain transitivity in such a scenario would be defined with respect to the underlying
trajectory of the ODE, that would also be unique for any given initial condition.
While we have shown the convergence of QW-FA to the set G, we did not provide performance bounds on the obtained policies in relation to the optimal policy for the underlying
MDP. Similarly, it would be of interest to obtain error bounds between the obtained and the
optimal Q-values. For a fixed policy, such bounds have been provided in (Tsitsiklis and Van
Roy 1997; Tsitsikis and Van Roy 1999), for the case of TD algorithms.

4 Numerical results – application to multistage routing
We consider the problem of routing in a (multi-stage) queueing network. The network has
multiple stages with each queue in a given stage connected to all queues in the next stage,
see Fig. 1. We assume that each queue has a unique server. Packets arrive at the source node
s according to a Poisson process with rate λ.
After a packet completes service at a node, it is routed to a node in the next stage and this
process is repeated until the destination node d is reached. The objective is to find a route
that minimizes the expected delay from the source to the destination nodes. We assume
for simplicity that service times at each node are exponentially distributed. However, in
general, the parameter of the exponential distribution for the service times can be different
at different nodes.
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Fig. 1 Multi-stage routing problem

Let the total number of nodes be N̄ with each stage having a given number M = N̄/L
of nodes, where L is the number of stages in the network (we assume for simplicity here
that N̄ is a multiple of L). As explained previously, nodes at each stage except the last are
connected to all the M nodes in the next stage. At the last stage all packets are routed to the
destination node. Hence routing decisions are made for the first N̄ − M + 1 = M(L − 1) + 1
nodes that include the source node and exclude nodes in the last stage. We assume that all
decisions are made by a central controller that has access to precise state information at
each instant. The controller does its own computation of the routes that packets should take
after service at each node and transmits this information back to the nodes. We assume no
propagation and feed back delays in this process. We formulate the routing problem as a
MDP and apply both the regular Q-learning algorithm with function approximation (QLFA) as well as our proposed algorithm QW-FA. We also study performance comparisons
with an actor-critic (AC) scheme, that is a similar algorithm as QW-FA except with the
faster and slower timescales reversed.
The state Xn ∈ S of the system at time n is the vector of queue

T
lengths qi (n), i = 1, . . . , N̄
at each of the nodes. The action Zn
=
T

∈ A(Xn ) at time n is the vector of choices for the
Zn (i), i = 0, . . . , (N̄ − M)
next nodes to route the packets after service at each of the first (N̄ − M + 1) nodes.
Thus, Zn (i) = j if after service at node i ∈ {0, 1, . . . , (N̄ − M)}, the choice
of the next node to route the packet to is j . We define the routing probabilities
pij (n), i ∈ {0, 1, . . . , (N̄ − M)}, j ∈ {M · i/M + 1, . . . , M · i/M + (M + 1)}, n ≥ 0
according to
(
1 if Zn (i) = j
pij (n) =
0
o.w.
The single stage cost in state Xn when action Zn is chosen is the expected sum of queue
lengths along the path from source to destination,
g(Xn , Zn ) =

(N̄ −2M)/M
(l+1)M


l=0

(l+2)M


i=lM+1 j =(l+1)M+1

M
 
pij (n) · qj (n) +
p0j (n) · qj (n).



j =1
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Table 1 QL-FA: Expected total delay for different step-sizes c(n) = 1/nα , for various values of λ in a 2 × 4
network
λ = 10

α

λ = 20

λ = 30

0.95

2.18 ± 0.67

4.16 ± 0.35

5.94 ± 0.718

0.85

2.14 ± 0.571

4.2 ± 0.261

6.08 ± 0.5

0.75

2.2 ± 0.599

4.24 ± 0.275

5.94 ± 0.797

0.65

2.03 ± 0.312

4.28 ± 0.238

5.98 ± 0.698

0.55

2.13 ± 0.32

4.1 ± 0.532

5.19 ± 1.19

We selected the features φXn ,Zn in both algorithms QL-FA and QW-FA as follows:

T
φXn ,Zn = φqi (n) .φaj (n) , i = 1, . . . , N̄, j = 0, . . . , (N̄ − M) ,
⎧
if qi (n) < L1
⎨0
φqi (n) = 0.5 if L1 ≤ qi (n) < L2
⎩
1
o.w.,

)
*
)
*
T
φai (n) = pij (n), j = M · i/M + 1, . . . , M · i/M + (M + 1) .
Here L1 and L2 are two threshold levels for the queue lengths. We let L1 = 1 and L2 = 2 in
the experiments. Further, we let M = 4 (the number of nodes in each stage) for simplicity.
The servers at each stage are non-identical with the first server in each of these stages having
a ten times lower service rate than the other three that serve with a common rate. We let the
compact set in which w takes values be C = [−100, 100]N , where N = N̄ · (N̄ − M) · M in
the experiments. Also, we did not project the θ -updates in our experiments as they were seen
to remain bounded as such. We run both QL-FA and QW-FA algorithms with 100 different
initial seeds and for 50,000 iterations in each simulation run. In the tables below, we show
both the mean and the standard error from these simulation runs upon termination.
Note that there are no queues at the source and destination nodes. As soon as a packet
arrives at the source node, it is forwarded to one of the nodes in the next stage where it
gets queued if there are packets waiting for service at that node. Further, packets are served
according to the first come first serve (FCFS) schedule at each node. The service rate is set
where

Table 2 QW-FA: Expected total delay for different step-sizes a(n) = 1/nα , b(n) = 1/nβ with α < β, and
for different arrival rates λ, on a 2 × 4 network
β

α

λ = 10

λ = 20

λ = 30

0.95

0.55

1.47 ± 0.141

2.17 ± 0.171

2.86 ± 0.237

0.95

0.65

1.69 ± 0.239

2.48 ± 0.279

3.26 ± 0.422

0.95

0.75

1.86 ± 0.335

2.81 ± 0.607

3.7 ± 0.748

0.95

0.85

2.06 ± 0.595

3.07 ± 0.973

3.89 ± 1.214

0.85

0.55

1.44 ± 0.11

2.12 ± 0.169

2.8 ± 0.191

0.85

0.65

1.68 ± 0.245

2.55 ± 0.348

3.32 ± 0.467

0.85

0.75

1.89 ± 0.379

2.95 ± 0.548

3.77 ± 0.584

0.75

0.55

1.43 ± 0.142

2.14 ± 0.173

2.76 ± 0.21

0.75

0.65

1.69 ± 0.262

2.56 ± 0.336

3.23 ± 0.389

0.65

0.55

1.43 ± 0.127

2.1 ± 0.177

2.77 ± 0.237
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Table 3 AC : Total delay (mean ± standard error) for different step-sizes a(n) = 1/nα , b(n) = 1/nβ with
β < α, and for different arrival rates λ, on a 2 × 4 network
β

α

λ = 10

λ = 20

λ = 30

0.55

0.95

2.28 ± 0.697

3.18 ± 1.145

3.97 ± 0.843

0.65

0.95

2.33 ± 0.70

3.49 ± 1.566

4.18 ± 1.48

0.75

0.95

2.16 ± 0.645

3.44 ± 1.384

4.17 ± 1.629

0.85

0.95

2.23 ± 0.689

3.32 ± 1.226

4.31 ± 1.601

0.55

0.85

2.12 ± 0.532

3.09 ± 1.078

3.78 ± 0.80

0.65

0.75

2.11 ± 0.545

3.26 ± 1.215

3.95 ± 0.974

0.75

0.65

2.06 ± 0.518

3.23 ± 1.015

4.01 ± 0.902

0.55

0.75

1.96 ± 0.376

2.83 ± 0.604

3.55 ± 0.432

0.65

0.75

1.96 ± 0.407

2.87 ± 0.422

3.62 ± 0.456

0.55

0.65

1.75 ± 0.234

2.53 ± 0.393

3.27 ± 0.447

at μ = 5 for the first node in each stage and at μ = 50 for every other node. Thus the first
node in each stage serves at a rate that is ten times less as compared to the other nodes.
In all our experiments, except those whose results are shown in Tables 5 and 6, we set the
discount factor γ at 0.9.
In our first set of experiments, we consider a 2 × 4-network, i.e., one with two stages
and four nodes in each stage, and study the performance of both algorithms QL-FA and
QW-FA over a range of step-size parameters. We consider step-sizes within the following
classes for the two algorithms: For QL-FA, we let c(n) = 1/nα and vary α in the range
(0.5, 1.0). Similarly for QW-FA, we let a(n) = 1/nα and b(n) = 1/nβ , respectively, with
α, β ∈ (0.5, 1.0). Table 1 shows the expected total delay (i.e., along the entire path from
source to destination) obtained when QL-FA is used and the step-size parameter α is varied
as described above. Similarly, Table 2 shows the expected total delay when QW-FA is used
and the step-size parameters α and β in this case are varied with α < β. The last condition
ensures that b(n) = o(a(n)), see (2.7). We consider cases when the arrival rate is chosen
to be λ = 10, 20 and 30, respectively. We observe from Table 1 that a step-size of c(n) =
1/n0.55 shows, on the whole, better results than the other choices in the case of QL-FA.
From Table 2, it is seen that a(n) = 1/n0.55 shows the best results for any given choice
Table 4 QW-FA : Total delay (mean ± standard error) for different values of δ and for different arrival rates
λ, on a 2 × 4 network
δ

λ = 10

λ = 20

λ = 30

0.001

2.33 ± 0.128

3.28 ± 0.188

4.11 ± 0.263

0.002

1.69 ± 0.098

2.37 ± 0.154

3.1 ± 0.211

0.003

1.5 ± 0.105

2.2 ± 0.18

2.83 ± 0.209

0.004

1.47 ± 0.11

2.12 ± 0.158

2.79 ± 0.199

0.005

1.45 ± 0.119

2.09 ± 0.169

2.79 ± 0.224

0.007

1.51 ± 0.161

2.24 ± 0.25

2.97 ± 0.269

0.01

1.6 ± 0.198

2.45 ± 0.403

3.15 ± 0.345

0.03

1.91 ± 0.372

2.92 ± 0.554

4.0 ± 0.596

0.05

2.05 ± 0.438

3.16 ± 0.647

4.26 ± 1.047
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Fig. 2 Total expected delay and standard error obtained from 100 simulation runs with different initial seeds
for different network sizes using the algorithms

of b(n) in the case of QW-FA. In Table 3, we consider the AC algorithm that is the same
as QW-FA except with reversed time scales, i.e., β < α. Thus, the update of the weight
parameter w is now on the slower time scale. It can be seen from the results in this table
that the performance of the algorithm deteriorates in both the mean and the standard error
in comparison to QW-FA, i.e., when α < β (Table 2). We also observed that for networks
with more number of stages, α = 0.55 for QL-FA and α = 0.55, β = 0.85 for QW-FA,
respectively, show the best results overall. Hence, in our subsequent experiments, we set the
aforementioned values for the step-size parameters.
Next, in Table 4, we show the effect of varying the parameter δ in the recursion (2.9),
on the performance of the QW-FA algorithm over a 2 × 4-network. We vary the value of
δ between 0.001 and 0.05. From the table, it can be seen that for all arrival rates, the best
performance is obtained around 0.005. This was also the case with other network sizes.
Hence, we fix the value of δ to be 0.005 in all our subsequent experiments.
In our next set of experiments, we study performance comparisons between QL-FA, QWFA, and the AC algorithms in terms of the total delay using both the mean and the standard
error metrics on networks of various sizes. For the AC algorithm, we let the tuple (β, α) in
Table 3 to be (0.55, 0.65) as it is seen to be the best setting for the AC algorithm across all
settings considered in Table 3. Figure 2 shows the plots of the mean and standard error of
the total expected delay as functions of the number of stages in the network that is in turn
varied between 1 and 9. Thus the network sizes here are varied between 1 × 4 and 9 × 4.
The total arrival rate at the source node s is set at λ = 20 in all cases. Further, we let the
discount factor to be γ = 0.9 for all the network sizes.
Table 5 Expected total delay for different arrival rates λ and discount factors γ in a 2 × 4 network
γ

λ = 10
QL-FA

λ = 20
QW-FA

QL-FA

λ = 30
QW-FA

QL-FA

QW-FA

0.9

2.19 ± 0.339

1.43 ± 0.107

3.63 ± 0.862

2.3 ± 0.228

5.05 ± 1.13

3.33 ± 0.453

0.7

2.01 ± 0.389

1.45 ± 0.138

4.09 ± 0.584

2.35 ± 0.277

5.47 ± 1.027

3.36 ± 0.408

0.5

2.06 ± 0.33

1.47 ± 0.132

4.25 ± 0.351

2.48 ± 0.54

5.56 ± 0.754

3.25 ± 0.652

0.3

2.13 ± 0.32

1.45 ± 0.119

4.1 ± 0.532

2.12 ± 0.15

5.09 ± 1.291

2.82 ± 0.227

0.1

2.18 ± 0.411

1.46 ± 0.144

4.17 ± 0.468

2.12 ± 0.162

4.81 ± 1.092

2.82 ± 0.216
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Table 6 Expected total delay for different arrival rates λ and discount factors γ in a 3 × 4 network
γ

0.9

λ = 10

λ = 20

λ = 30

QL-FA

QW-FA

QL-FA

QW-FA

QL-FA

QW-FA

2.56 ± 0.357

2.34 ± 0.182

4.56 ± 0.905

2.75 ± 0.274

5.72 ± 1.85

2.98 ± 0.302

0.8

2.6 ± 0.615

2.38 ± 0.207

4.38 ± 1.134

2.69 ± 0.246

5.69 ± 1.622

2.93 ± 0.30

0.7

2.67 ± 0.596

2.38 ± 0.302

4.16 ± 1.045

2.77 ± 0.283

5.65 ± 1.698

2.94 ± 0.301

0.6

2.69 ± 0.616

2.43 ± 0.222

4.15 ± 1.018

2.77 ± 0.236

5.47 ± 1.407

2.96 ± 0.29

0.5

2.64 ± 0.518

2.52 ± 0.554

4.33 ± 1.183

2.79 ± 0.301

5.25 ± 1.549

2.94 ± 0.326

We also make performance comparisons in this case with the algorithm termed “Random” that uses fixed and equal probabilities for selecting each of the queues in the ‘next’
stage. It can be seen that QW-FA almost always exhibits the lowest mean delay when compared with the other algorithms. It is also interesting to observe that the AC algorithm
outperforms QL-FA as well in most cases. Further, as expected, all three algorithms show
better results as compared to “Random”. The standard error performance of QW-FA is again
the best overall. In fact, on networks of sizes 7×4 to 9×4, the standard error obtained using
QL-FA is significantly higher than all the other algorithms including “Random”. The standard error obtained from AC is low for smaller-sized networks. However, for networks of
sizes 5 × 4 and 6 × 4, the AC algorithm shows poor performance as well. Thus, we observe
that QW-FA is more robust and exhibits superior numerical performance when compared
with QL-FA as well as the AC algorithms.
Next, in Tables 5 and 6, we show the results of experiments on 2 × 4 and 3 × 4 networks,
respectively, using QL-FA and QW-FA for different values of the discount factor γ and
arrival rate λ. We observe that, QW-FA shows significantly better results in both the mean
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Fig. 3 Plots of convergence of four w-components in QW-FA for the source node in a 2 × 4 network with
λ = 20 for states with queue lengths above L2 at each node in the first stage
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Fig. 4 Plots of convergence of four θ -components in QW-FA for the source node in a 2 × 4 network with
λ = 20 for states with queue lengths above L2 at each node in the first stage

and the standard error (of the total delay) performances, in almost all cases, over QL-FA.
For higher values of λ, the standard error performance when QL-FA is used deteriorates
significantly in comparison to the same when QW-FA is used.
Next, in Figs. 3 and 4, we show plots of convergence of some of the components of the w
and θ parameters, respectively, of QW-FA, for a 2 × 4-network, as functions of the iteration
number for a single simulation run. In this case, both w and θ are vectors of dimension
N̄ · (N̄ − M) · M = 9 · 5 · 4 = 180 each. The graphs show the convergence of four of
9
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Fig. 5 Average total queue lengths for QL-FA and QW-FA on a 2 × 4 network with λ = 20
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the parameter components that correspond to the state with queue lengths above L1 at all
the nodes in the first stage out of the total of 180 parameter components. Finally, in Fig. 5,
we show plots for both QL-FA and QW-FA, respectively, of the average total queue lengths
on a 2 × 4 network with λ = 20, as functions of the iteration count (for these algorithms).
From the figure, it is seen that the average total queue length for QW-FA is higher initially,
however, as the iterations in the two algorithms progress, the average total queue length
using QW-FA becomes lower. The algorithm QW-FA consistently gives a lower average
total queue length as compared to QL-FA.

5 Conclusions
We presented in this paper a multi-scale version of Q-learning with function approximation. Our algorithm has the advantage that, unlike Q-learning, it does not suffer from high
oscillations. This is because our algorithm incorporates two-timescale stochastic recursions,
whereby the explicit minimization over instantaneous Q-value updates in Q-learning is
replaced with a gradient search in the (parameterized) policy space along a faster timescale.
This is seen to help in the convergence of the algorithm as the faster (w) iterates, for any
given θ , track the stationary average Q-value, and thus unlike Q-learning, the minimization
does not result in high variance/instabilities in the scheme. The gradient estimate that we
use for the local search procedure (on the faster scale) is a one-simulation estimate incorporating Hadamard matrix based deterministic perturbations. Our procedure is seen to be
computationally efficient in our experiments. A global search scheme such as simulated
annealing may be used for the faster timescale update, however, global search procedures,
in general, are known to be computationally expensive. In Gelfand and Mitter (1991), addition of a slowly diminishing Gaussian noise sequence within a local search procedure is
proposed, in the spirit of simulated annealing. Such a recursion may be used for our faster
timescale update.
We showed the almost sure convergence of our algorithm to a closed connected internally
chain transitive invariant set of an associated differential inclusion. As an application setting,
we considered a problem of routing in multi-stage queueing networks. We compared the
performance of our algorithm with Q-learning as well as an actor-critic scheme (that is similar to QW-FA but with timescales reversed) on various network configurations. We observed
that our algorithm is more robust as compared to both Q-learning and the actor-critic scheme
as it gives significantly lower standard error. Further, our algorithm also exhibits better mean
performance as compared to both Q-learning and actor-critic. The large variation in performance across different seeds in the case of Q-learning could be the result of problems due to
off-policy learning. Similar observations have also been made in Prashanth et al. (2014) on
the numerical performance of our algorithm (in both discounted and average cost cases) in
relation to corresponding Q-learning algorithms on a problem of finding optimal sleep-wake
schedules for individual sensor nodes in a wireless sensor network, while tracking potential
intruder movement.
A possible future direction would be to develop Hessian based algorithms, see for
instance, Bhatnagar (2005, 2007); Bhatnagar et al. (2013) as well as algorithms that incorporate functional (inequality) constraints (Bhatnagar and Lakshmanan 2012). Finally, the
analysis that we carried out in this paper is only a first step and more detailed convergence
analyses of this and similar algorithms must be carried out in the future. In particular, it
would be interesting to extend the analysis to show stability of the iterates when projection
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is not used. Analyses of performance and error bounds between the obtained and optimal
policies as well as Q-values must also be carried out.
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Appendix
In this section, we present detailed proofs of some of the results given in Section 3.
Proof of Proposition 1 Note that the n-step (n > 1) transition probability of going from
state (i, a) to (j, b) is
n
pw
(i, a; j, b) = P (Xn = j, Zn = b | X0 = i, Z0 = a, πw )

= qwn (i, a, j )πw (j, b),
where qwn (i, a, j ) is the n-step probability of going to state j when the initial state is i and
action a is chosen (in state i), while actions inother stages (from 1 to n − 1) are chosen
qwn (i, a, j ) = 1, ∀i ∈ S, a ∈ A(i).
according to the SRP πw . It is easy to see that
j ∈S

Let l ∈ S be such that p(i, a, l) > 0. Now from Assumption 1, Xn , n ≥ 0, under any
SRP πw is irreducible. Thus, given SRP πw and states l, j , there exists an integer n1 > 0
such that


pn1 (l, j, πw ) = P (Xn1 = j | X0 = l, πw ) > 0.
Note that in estimating pn (l, j, πw ), it is assumed that the actions at each of the n stages
are picked according to the policy πw . This is unlike estimating qwn (l, a, j ) where the first
action to be picked is a in state l while the actions in the remaining n − 1 stages are picked
according to πw . Now observe that
n
pw
(i, a; j, b) ≥ p(i, a, l)p n−1 (l, j, πw )πw (j, b).
n1 +1
Thus, pw
(i, a; j, b) > 0. Similarly, it can be shown that there exists an integer n2 > 0
n2 +1
(j, b; i, a) > 0. Thus, {(Xn , Zn )} is an irreducible Markov chain when
such that pw
Zn , n ≥ 0 are obtained according to πw .
Next, we show that {(Xn , Zn )} is aperiodic. Again let l ∈ S be such that p(i, a, l) > 0.
Since the process {Xn } is aperiodic under πw , from Assumption 1, there exists an integer
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M > 0 such that p n (l, l, πw ) > 0 ∀n ≥ M, see for instance, Lemma 5.3.2, pp.99, of
(Borkar 1995). By irreducibility of {Xn } under πw , there exists n3 > 0 (integer) such that
pn3 (l, i, πw ) > 0. Now note that
1+n+n3
(i, a; i, a) ≥ p(i, a, l)pn (l, l, πw )p n3 (l, i, πw )πw (i, a)
pw

> 0, ∀n ≥ M.
n (i, a; i, a) > 0 ∀n ≥ (1 + M + n ). Hence, {(X , Z )} is aperiodic under π as
Thus, pw
n
n
w
3
well. Finally, since S × A(S) is a finite set, {(Xn , Zn )} is also positive recurrent. The claim
follows.
Proof of Lemma 1 We shall use a key result from Schweitzer (1968) for the proof. Let
m


Pw∞ = limm→∞ m1
Pwn and Zw = (I − Pw − Pw∞ )−1 , respectively, where I denotes
n=1

the (|S × A(S)| × |S × A(S)|)-identity matrix and Pwm is the matrix of m-step transition
m (i, a; j, b), i, j ∈ S, a ∈ A(i), b ∈ A(j ). From Theorem 2, pp.402-403 of
probabilities pw
(Schweitzer 1968), one can write
w+ξ ei = w (I + (Pw+ξ ei − Pw )Zw + o(ξ )),
where ξ > 0 is a small quantity and ei , i ∈ {1, . . . , N } is a unit vector with 1 as its ith entry
and 0s elsewhere. Hence, we get
∇w,i w = w ∇w,i Pw Zw , i = 1, . . . , N.
Thus, ∇w w = w ∇Pw Zw . Now since pw (i, a; j, b) = p(i, a, j )πw (j, b), it follows
from Assumption 2, it follows that pw (i, a; j, b) are continuously differentiable, i.e., ∇w Pw
exists and is continuous. Hence, ∇w w exists.
Next we verify that ∇w w is continuous as well. Note that w is continuous since it
is differentiable. Further, ∇w Pw is continuous as noted above. Also, from Cramer’s rule, it
follows that Zw is continuously differentiable and hence also continuous over w ∈ C. Since
the set C is a compact subset of RN , it is easy to see that ∇w w is continuous as well. The
claim follows.
Proof of Lemma 2 It is easy to see from the definition of R(θ, w) and Lemma 1 that the
partial derivatives of R(θ, w) with respect to any θ ∈ Rd and w ∈ C exist. Note that from
definition, for a given w ∈ C,

fw (i, a)φi,a ,
∇θ R(θ, w) =
(i,a)∈S×A(S)

which is a constant function of θ , hence continuous. Now consider
∇w R(θ, w) = (∇w,1 R(θ, w), . . . , ∇w,N R(θ, w))T ,
where ∇w,i R(θ, w) is the partial derivative of R(θ, w) with respect to wi , given θ ∈ D.
Note that supθ ∈D  θ < ∞, since D is bounded. Now, given θ ∈ D,

∇w fw (i, a)θ T φi,a ,
∇w R(θ, w) =
(i,a)∈S×A(S)

since S × A(S) is a finite set. Let
≤



w1

and w 2 be two points in C. Then,

 ∇w R(θ, w 1 ) − ∇w R(θ, w 2 ) 

(i,a)∈S×A(S)

 ∇w fw1 (i, a)θ T φi,a − ∇w fw2 (i, a)θ T φi,a 
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 ∇w fw1 (i, a) − ∇w fw2 (i, a)  |θ T φi,a |.

(i,a)∈S×A(S)

Now since D is a compact set, note that


L2 =

max

max |θ T φi,a | < ∞.

(i,a)∈S×A(S) θ ∈D

The claim now follows since ∇w fw (i, a) is a continuous function from Lemma 1 (in fact
also uniformly continuous since w ∈ C, a compact set).
Proof of Lemma 6 We first show the claim in (3.5). Recall from Lemma 5 that
 wn+s − wn → 0 as n → ∞,
almost surely, for all s ∈ {1, . . . , P }. From Lemma 2 and the above, it follows that
 ∇w,k R(θ, wn+s ) − ∇w,k R(θ, wn ) → 0 as n → ∞,
∀s ∈ {1, . . . , P }, k ∈ {1, . . . , N }. By letting M = P in Assumption 5, it follows that
a(j )/a(m) → 1 as m → ∞ for any j ∈ {m, . . . , m + P − 1}. Note also that P is an even


integer. As a consequence of Lemma 4, one can split any set of the type Am = {m, m +
−
1, . . . , m + P − 1} into two disjoint subsets A+
m,k,l and Am,k,l each having the same number
−
of elements, with A+
m,k,l ∪ Am,k,l = Am and such that

−1 ∀n ∈


A−
m,k,l ,

kn
ln

takes value +1 ∀n ∈ A+
m,k,l and

respectively. Thus,

m+P
−1
n=m

 a(n)

a(n) kn
∇w,k R(θ, wn ) =
∇w,k R(θ, wn ) −
a(m) ln
a(m)
+
−
n∈Am,k,l

n∈Am,k,l

a(n)
∇w,k R(θ, wn )  .
a(m)

It now follows as a consequence of the above that


m+P
−1
n=m

a(n) kn
∇w,k R(θ, wn ) → 0,
a(m) ln

almost surely as m → ∞. Finally, the claim in (3.6) follows from Lemma 5, Lemma 2 and
Assumption 5, in a similar manner as (3.5).
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